The tunneling ionization of an electron from a p-state in a highly charged ion in the relativistic regime is investigated in a linearly polarized strong laser field. In contrast to the case of an s-state, the tunneling ionization from the p-state is spin asymmetric. We have singled out two reasons for the spin asymmetry: first, the difference of the electron energy Zeeman splitting in the bound state and during tunneling, and second, the relativistic momentum shift along the laser propagation direction during the under-the barrier motion. Due to the latter, those states are predominantly ionized where the electron rotation is opposite to the electron relativistic shift during the under-the-barrier motion. We have investigated the dependence of the ionization rate on the laser intensity for different projections of the total angular momentum and identified the intensity parameter which governs this behaviour. The significant change of the ionization rate is originated from the different precession dynamics of the total angular momentum in the bound state at high and low intensities.
I. INTRODUCTION
Recently, significant experimental efforts are invested for investigation of relativistic regimes of strong field ionization [1] [2] [3] [4] which fostered accordingly the development of theory [5] . In particular, specific signatures of the relativistic under-thebarrier dynamics in the photoelectron momentum distribution have been pointed out recently in [6] [7] [8] and subtle spin effects in laser fields are explored in [9] [10] [11] [12] [13] [14] [15] . During the relativistic laser-atom interaction spin effects were shown to appear in the laser-driven bound electron dynamics [16] and, in particular, in the radiation of high-order harmonics [17, 18] . Spin effects arise also during tunneling ionization [19, 20] . The spin effects in nonsequential double ionization of helium were considered in [21, 22] . It appeared that during the relativistic tunneling ionization from a ground state of an hydrogenlike ion spin asymmetry is negligible, however, the spin flip is possible when using relativistic laser intensities of order of 10 22 W/cm 2 and highly charged ions, with the charge state of order of Z ∼ 30. A question arises if spin asymmetry can exist for ionization of non-spherical symmetric states?
In the nonrelativistic regime the strong field ionization rate in the tunneling regime is calculated in the Perelomov-PopovTerent'ev (PPT) theory [23] [24] [25] [26] [27] for any value of the angular momentum l and the magnetic quantum number m. The laser pulse effect in ionization of excited states of an hydrogen atom in the nonrelativistic regime is considered in [28] . The excited p-state of He + has been proposed to employ for control of the polarization of isolated attosecond pulses [29] . In this context, the peculiarities of strong field ionization, recollision and high-order harmonic generation from antisymmetric molecular orbitals are also known [30] [31] [32] . Note that the ionization from m l 0 states is an essential ingredient in the dynamics of multiple ionization of the atomic target in ultrastrong laser fields [33] [34] [35] [36] [37] .
Recently, the interest to the strong field ionization of an electron from a p-state has been renewed in connection with the non-adiabatic ionization in a circularly polarized laser field [38] [39] [40] . It turned out that in the non-adiabatic regime, when the Keldysh parameter γ [41] is not small, the electron in the bound state rotating opposite to the field rotation (m < 0) is ionized easier than in the co-rotating case. Moreover, a spin polarization effect is found in [42] due to the interplay of the electron-core entanglement and the sensitivity of ionization in a circularly polarized field to the magnetic quantum number m l .
In this paper we consider tunnel-ionization in the relativistic regime from an exited p-state of an hydrogenlike ion induced by a strong linearly polarized laser field. The main concern is to investigate the dependence of the tunneling probability on the magnetic and spin quantum numbers in the relativistic regime and to find conditions when a large spin asymmetry can exist. We will show that in the relativistic regime even in the adiabatic case γ 1 one can observe the dependence of the ionization probability on the magnetic quantum number similar to the nonrelativistic non-adiabatic regime. Those bound states are predominantly ionized where the electron rotation in the bound state is opposite to the electron relativistic shift along the propagation direction during the under-the-barrier motion.
The tunneling ionization rates from the excited p-states of a hydrogenlike ion are calculated. For more convenience the relative ionization rates of the p-state with respect to the sstate, rather than the absolute ionization rates, are presented. For this reason we first calculate the tunneling ionization rate from the excited 2s-state of the hydrogenlike ion. We employ a Coulomb-corrected relativistic Strong Field Approximation (SFA) developed in [43, 44] for the description of the ionization dynamics in the relativistic regime.
II. CALCULATION OF THE IONIZATION RATE
The ionization differential rate is expressed via the transition matrix element with the laser frequency ω. The matrix element M in the Coulomb corrected SFA reads [44] :
where the final state ψ V C is the Eikonal-Coulomb-Volkov-state [44] , i.e., the wave function in the eikonal approximation for the electron in continuum under the action of the laser and Coulomb field of the atomic core; E(η) = E 0 cos(ωη) is the laser field with the phase η = t − z/c, c is the speed of light, andψ i is the dressed initial bound state which is the solution of the following Schrödinger equation [44] 
with the dressed bound state Hamiltonian
wherek is the unit vector in the laser propagation direction, V(r) is the potential of the ionic core, and α, β are the Dirac matrices.
First of all we calculate the dressed bound states. In the case of a 2s-state the approximate solution of Eq. (3), taking into account only transitions between the states of the fine structure [44] , isψ (2s)
where ψ (2s) j (r) is the relativistic wave function of the initial 2s-state of the electron in the highly charged hydrogenlike ion [45] :
with the quantum number of the total angular momentum projection j = (+, −), the spinors χ + = (1, 0), χ − = (0, 1), the ionization energy I p and the Pauli matrices σ [the electron total energy in the bound state is c 2 −I p , and the ionization energy I p is related to the nuclear charge as Z = 2 2I p ]. According to Eq. (5) the 2s-state experiences a Zeeman-splitting with an energy of ε
Since the typical coordinate where the electron starts to leave the ion is r ∼ √ E a /E 0 / 2I p [44] , with the atomic field strength E a = (2I p ) 3/2 and E 0 /E a 1 in the tunneling regime, the wave function of the initial state of Eq. (6) can be approximated
The differential ionization rate from the 2s-state is calculated via Eqs. (1) and (2) . We have evaluated the differential rate for a given p E at the rate local maximum which is achieved at the momentum parabola [44] 
where p E , p B and p k are the momentum components along the laser electric field, the magnetic field and the propagation directions, respectively. On the mentioned momentum parabola the rate reads:
where the prefactor is
, ± refers to m j = ±1/2 (in the case of the s-state the total angular moment is J = 1/2). The time variable is changed to the phase variable η in Eq. (2) and the η-integral is calculated with the saddle point method; η s is the saddle point value for the phase η [44] . There exists no asymmetry between the ionization probabilities from the spin up and down states 2s + (m j = 1/2) and 2s − (m j = −1/2), i.e., the ionization probabilities are equal.
For an intuitive understanding of the ionization spin asymmetry let us estimate the tunneling ionization probability via the WKB tunneling exponent:
J . In the case of ionization from an s-state the Zeeman splitting has the same magnitude in the bound state and during tunneling ε
. Therefore, the electron effective energy during the tunneling does not depend on the spin projection and, consequently, the tunneling probability is the same for both of the states m j = ±1/2, explaining that there is no spin asymmetry in this case.
For the p-states the total angular momentum can be J = 1/2 or 3/2. The wave function for the initial free bound state with J = 1/2 reads [45] 
They can be approximated analogously like the 2s-states, yielding 
The Zeeman energy splitting
is determined by the Lande-factor
In the case of the p-states with J = 3/2, we approximate similarly the exact wave function with m j = 3/2 as
which is a state with m l = 1, m s = 1/2. The state with m j = 1/2 is approximated as follows
which is a linear combination of m l = 0, m s = 1/2 and m l = 1, m s = −1/2 in the ratio 2:1. The state with m j = −1/2 is
which is a linear combination of m l = 0, m s = −1/2 and m l = −1, m s = 1/2 in the ratio 2:1. And finally the state with 
Again with the help of the Lande-factor the Zeeman-energy splitting can be given, with S = 1/2, J = 3/2, L = 1 and g J = 4/3 in this case.
In next sections we consider three physically relevant possible choices of the quantization axis for the angular momentum and spin: (a) along the laser magnetic field direction (b) along the laser propagation direction and (c) along the electric field direction which will be considered in next sections.
III. QUANTIZATION AXIS ALONG THE LASER MAGNETIC FIELD DIRECTION
When the quantization axis is along the laser magnetic field direction, no spin flip can occur during ionization. Let us first consider the case of J = 1/2. We calculate the probability for the ionization from a p-state (J = 1/2) with the total angular momentum projection m j = ±1/2. The corresponding relative differential probabilities with respect to the 2s-state on the momentum parabola of Eq. (8) are
where I p /c 2 terms are neglected. The latter is illustrated in Fig.  1 . There is a non-vanishing spin asymmetry with respect to tunneling ionization:
Intuitively one can understand the ionization asymmetry between 2p 1/2+ and 2p 1/2− states [the splitting of the middle line in Fig. 1 opposite m s = ∓1/2. We can estimate the tunneling ionization probability via the WKB tunneling exponent Eq. (10):
where ∆ε J = g J J · B/2c − g S S · B/2c as the Zeeman energy splitting in the bound state is ε 
when J = ±1/2 and S = ∓1/2. Further, there is a second reason for the asymmetry in the ionization probability. In a p-state the electron rotates around the atomic core in the k − E-plane at m l = ±1 (quantization axis is along the magnetic field). Since there is a shift due to the laser magnetic field in k-direction [6, 7] , it matters if the rotation is parallel or anti-parallel to the shift during tunneling which disturbs the ionization probability. Mathematically the bound state wave function has the form of ψ (2p) 1/2± (p, t s ) ∼ 1 ∓ ip k,s /p E,s at the saddle point, i.e., at the moment when ionization starts. With p k s = −2I p /3c and p E = −i 2I p it follows that
Therefore, the ionization is preferable from the state where in the bound state the electron rotation is opposite to the rotation of the electron due to the Lorentz force [A similar effect exists in the nonadiabatic tunneling in a circularly polarized laser field [38] , when the ionization is preferable from the state where in the bound state the electron rotation is opposite to the rotation of the field]. Adding these two effects: the different angular momentum-magnetic field coupling in the bound state and during tunneling and momentum selective tunneling from a p-state, the calculated asymmetries of Eq. (23) are explained. The asymmetries for 2p 3/2 states have the same origin. The derived respective ionization rates are (see Fig. 1 ):
(I p /c 2 terms are neglected) which yields to asymmetries
Here again only parts of the bound state wavefunction are allowed to tunnel that have quantum number m l = ±1. The 
when J = ±3/2 and S = ±1/2, while the asymmetry due to the electron rotation in the bound state is the same as in the J = 1/2 case,
leading finally to the Eq. (29) . Similarly, from the 2p 3/2+ state in the ionization contributes m l = 1, m s = −1/2 state and from the 2p 3/2− does m l = −1, m s = 1/2 and
which again leads to Eq. (30) taking into account Eq. (32). Thus, the asymmetry of ionization from a p-state, which is expressed by the splitting of the curves in Fig. 1 , is due to the difference of the angular momentum coupling with the laser magnetic field in the bound state and during tunneling as well as due to the fact that the ionization is larger from that bound state where the electron rotation is opposite to the electron relativistic shift along the propagation direction. However, the first effect is dominating.
The values of the ionization probability at Z → 0 in fact that the relative weight of the m l = 1 state in the states 2p 3/2,3/2 , 2p 1/2,1/2 , 2p 3/2,1/2 are 3/2 : 1 : 1/2, which follows from the expression of the corresponding wave functions from Eqs. (12)- (20).
IV. QUANTIZATION AXIS ALONG THE LASER PROPAGATION DIRECTION
Now let us consider the choice of the quantization axis along the laser propagation direction. In this case the angular momentum and the spin of the active electron is not constant before the tunneling starts, in contrast to the previous case of the quantization axis along the magnetic field and the process is altered. In particular, the spin flip becomes possible. Further, non-relativistically again only m l = ±1 components of the bound state wave function are allowed to tunnel. The results for the total ionization probability of the 2p 1/2 -states are (see Fig. 2 ):
where the relatively unimportant I p /c 2 -terms are dropped. The ionization probabilities are almost constant which is easy to understand as follows. The states with angular momentum up or down evolve in the bound state and mix. They can be represented by another basis where the angular momentum is aligned along the laser magnetic field and are a linear superposition of these states. Since the ionization probabilities of these new basis states are in the leading order the same as shown in the previous section, see Eqs. (22), also every superposition has the same ionization probability which explains our observation.
For the 2p 3/2 -states the relative ionization probabilities are (see Fig. 2 )
where µ = √ E 0 /E a E 0 /(cω) is the strong field parameter for the spin flip effects, see Ref. [20] . Here also the relatively unimportant I p /c 2 -dependence was dropped One can see that the ionization probabilities for the 2p 3/2 -states change significantly when entering the strong field regime when µ 1, see Fig. 2 . Note that µ ∼ 1 can be achieved using highly charged ions with a charge Z ∼ 20 in a laser field with intensity 10 21 W/cm 2 . For the explanation we express the evolving states via the basis where the angular momentum is aligned along the magnetic field. Now the states of this basis have different ionization probabilities, see Eq. (27) , and the total ionization probability depends on the particular superposition of these states. Moreover, the superposition depends on the bound dynamics which is different for different µ, i.e., for different laser field strengths, see Eq. (21) .
For instance, the state 2p 3/2++ can be expressed in the basis with the quantization axis along magnetic field as follows :
The states |3/2++ B and |3/2+ B have different ionization probabilities, the ratio of the probabilities is W
3/2++;B : W
3/2+;B = 1/2 : 1/6, see Eq. (27) , and the field dependent phases due to Zeeman splitting are different as well. Therefore, the ionization probability is essentially field dependent.
Whereas for small fields strength the phases are negligible A/c 1 (µ 1), for large field strength they average out. Because of that, at µ 1 the total ionization rate of the |3/2 + + k state can be given by:
3/2+;B = 1/6, explaining the µ 1 asymptotic behaviour of the black line in Fig. 2 . Similarly can be explained the µ 1 asymptotics of the other curves.
In the weak field limit µ 1 the phases ∼ A/c determining the angular momentum precession in the magnetic field can be neglected. In this case the total ionization rate for the |3/2++ k state can be given by: Thus, in weak laser fields there is interference in the ionization probability from the superposition of states, while in strong fields the interference is wiped out because of the fast precession of the bound state. This has a consequence that m j dependence of the ioniztion rate is different in weak and strong field asymptotics, see Fig. 2 .
V. QUANTIZATION AXIS ALONG THE LASER ELECTRIC FIELD
Finally, let us consider the case when the quantization axis is along the laser electric field. Here non-relativistically parts of the bound state wave function with quantum number m l = 0 are allowed to tunnel through the barrier. Therefore, the 2p 3/2++ and 2p 3/2−− states have zero ionization probability for weak laser fields, see Fig. 3 .
For the 2p 3/2 -states the relative ionization probabilities are (see Fig. 3 )
where again I p /c 2 -corrections are dropped. The intuitive explanation of the asymptotic behaviour of the ionization probabilities for small and large laser field strength can be done analogous to that of the previous section.
VI. CONCLUSION
We have investigated the tunneling ionization of an highly charged ion from an excited p-state of an hydrogenlike ion in a linearly polarized strong laser field in the relativistic regime. The ionization picture is analysed in three possible setups for the angular momentum and spin quantization axis. When the quantization axis is along the laser magnetic field, then there is no spin flip effect but there exists a large spin asymmetry. This is in contrast to the case of the ionization from an s-state where the spin asymmetry is vanishing. The spin asymmetry of the p-state ionization is due to two reasons. Firstly, there is a difference in the Zeeman splitting of the electron energy in the bound state and during tunneling. Secondly, in the relativistic regime the tunneling electron acquires a shift along the laser propagation direction during the under-the barrier motion due to the v × B force. The ionization probability is larger for those states (for such magnetic quantum number) where the electron rotation in the bound state in the (k, E)-plane is opposite to the relativistic shift. Because at a certain value of the projection of the total angular momentum the spin states are entangled with the states of the magnetic quantum number, the mentioned asymmetry with respect to the magnetic quantum number is observed as a spin asymmetry.
In the case when the spin quantization axis is along the laser propagation direction (or along the laser electric field), we have investigated the dependence of the ionization rate on the laser intensity for different projections of the total angular momentum m j . The dependence of the ionization rate on the projection of the total angular momentum appears to be different for weak and strong fields (nonrelativistic and relativistic regimes). Moreover, the m j -dependence of the ionization rate in the relativistic regime is reverted with respect to the case of the nonrelativistic regime. We have identified the intensity parameter µ = √ E 0 /E a (E 0 /cω) which governs this behaviour.
Correspondingly, the intensity dependence of the ionization rate are different for the states with different projections of the total angular momentum. This effect can be observed using highly charged ions with a charge Z ∼ 20 in a laser field with intensity 10 21 W/cm 2 . We have provided the intuitive description of these properties. The state with a certain total angular momentum along the laser propagation (field) direction can be represented as a superposition of states with different projections of the total angular momentum on the magnetic field direction. In weak laser fields there is interference in the ionization probability from the above mentioned superposition of states. Meanwhile, in strong fields the fast precession of the bound state destroys the interference in ionization.
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